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This paper is the second part of a work that analyses the problem of residual stress determination in an orthotropic
material by the hole drilling technique combined with full ﬁeld optical methods. Due to the complex behaviour of the mate-
rial, two theoretical formulations capable of describing the displacement ﬁeld in an inﬁnite plate in tension with a hole have
been proposed: a simpliﬁed one, which can treat only a subset of all orthotropic materials, and a general, much more com-
plex one. In the ﬁrst part of this work, it has been shown that by using the simpliﬁed formulation, it is possible to develop a
linear least square approach to the residual stress identiﬁcation problem capable of treating a large class of orthotropic
materials. This second part shows that the same approach can be extended to the general case providing that a somewhat
more complex, nonlinear algorithm, is acceptable.
 2007 Elsevier Ltd. All rights reserved.
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This paper is the second part of a work devoted to residual stress measurement in orthotropic materials
using the hole drilling approach in combination with full displacement ﬁeld optical techniques, which, in prin-
ciple, may provide some advantages with respect to (w.r.t.) the traditional use of strain gauges, in particular
higher sensitivity and no-contact measurement.
Residual stress measurement in orthotropic materials has not been widely studied; the best-known work is
the one by Schajer (Schajer and Yang, 1994) who, starting from Smith’s simpliﬁed analysis of the stress ﬁeld in
an orthotropic plate with a hole, developed formulas and correction tables for the hole drilling method in com-
bination with electrical strain gauges. In the optical ﬁeld, starting from the Smith–Schajer formulas, Ca´rdenas-
Garcı´a (Ca´rdenas-Garcı´a et al., 2005) analysed residual stress for the moire´ technique. However, this
approach uses a nonlinear formulation that is unnecessarily complex from the numerical standpoint.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.06.002
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Table 1
Characteristic parameters of some materials
Material E11/E22 m12 G12/E22 j k m n
Glass–Epoxy 2.99 0.25 0.5 1.58 1.73 5.48 2.99
Boron–Epoxy 10.0 0.3 0.33 4.65 3.16 29.43 5.98
Graphite–Epoxy 40.01 0.25 0.5 6.29 6.33 79.52 9.60
Oak 2.66 0.32 0.60 1.15 1.63 3.76 2.65
Birch 14.78 0.49 1.06 1.68 3.84 12.93 4.54
Spruce 20.48 0.37 0.77 2.85 4.53 25.82 5.91
Plywood 1 3.86 0.59 0.74 1.02 1.97 3.99 2.82
Plywood 2 24.6 0.3 0.75 3.25 4.96 32.20 6.49
Plywood 3 1.0 0.77 2.04 0.53 1.00 1.06 0.97
Theo. 1 1.5 0.37 0.4 1.22 1.23 3.0 2.33
Theo. 2 20.0 1.0 10.0 0.0 4.47 0.0 2.99
Theo. 3 1.0 0.25 0.05 9.75 1.0 20.0 4.69
j is Smith’s anisotropy index; k, m and n are Lekhnitskii’s material parameters. The materials in boldface cannot be analysed using Smith’s
formulation (Schimke et al., 1968; Savin, 1961; Jones, 1975).
A. Baldi / International Journal of Solids and Structures 44 (2007) 8244–8258 8245In the ﬁrst part of this work (Baldi, 2007) a linear least square approach based on Smith’s formulation was
proposed, showing that the same algorithm used for isotropic materials applies, provided that the Kirsch-
related displacement ﬁeld is replaced by Smith’s. However, even though the Smith–Schajer solution is capable
of handling a large subset of all orthotropic materials (see Table 1), it is not completely general (it requires
j > 1); a procedure capable of solving the more diﬃcult cases is developed in this second part, which is organ-
ised as follows: Section 2 outlines the full ﬁeld, linear least square method for orthotropic materials using
Smith’s formulation as proposed in the ﬁrst part of this work. Then (Section 3) Lekhnitskii’s analytical solu-
tion, valid for any orthotropic materials (and any j), is analysed, showing that (Section 4) it can easily be mod-
iﬁed to account for residual stresses. In particular, Section 4.2 shows that the displacement ﬁelds in the general
orthotropic case do not linearly depend on stress components, and consequently the numerical algorithm in
Section 2 cannot be used as is. However, since the basic principle still holds, a new approach, using a nonlinear
ﬁt, is developed (Section 5). The estimation of calibration coeﬃcients (in numerical form, using Finite Ele-
ments) is analysed in Section 5.1, making it possible to develop a somewhat simpler formulation. In Sections
6 and 7, the developed formulation is tested against numerically generated and experimentally acquired dis-
placement ﬁelds. A short discussion closes the paper (Section 8).2. Linear least square method for orthotropic material
The displacement ﬁeld at a point j around a hole in an orthotropic plate can be written,1 in compact form,
as (Schajer and Yang, 1994; Ca´rdenas-Garcı´a et al., 2005; Baldi, 2007)1 Sin
index juxðjÞ ¼ a11ðjÞrx þ a12ðjÞry þ a13ðjÞsxy
uyðjÞ ¼ a21ðjÞrx þ a22ðjÞry þ a23ðjÞsxy
ð1Þwhere the ai,k calibration coeﬃcients depend on material parameters and point location. Eq. (1), which results
from Smith’s simpliﬁed theoretical analysis (Smith, 1944; Schajer and Yang, 1994), requires the material
parameter j ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ExxEyy
p ð 1Gxy  2mxyExx Þ to be greater than 1, so that it cannot be used for all materials.
Providing Eq. (1) holds, the least square error between /j, the experimental displacement at point j, and its
interpolation can be written asce the displacement ﬁeld is sampled at discrete points, we assume that the data array is sorted, so that it is possible to use a single
to locate a point.
2 Fro
j. Usua
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XN
j¼1
fwj½kxðjÞuxðjÞ þ kyðjÞuyðjÞ  /jg2 ð2Þwhere ui(j) is the component i of the estimated displacement at point j, wj is normalised measurement reliability
at the experimental point or 1 if unknown2 and the ki(j) are components of the sensitivity vector (again at
point j). Writing ux and uy in terms of the stress components, Eq. (2) becomes ¼
XN
j¼1
fwj½ðkxa11 þ kya21Þrx þ ðkxa12 þ kya22Þry þ ðkxa13 þ kya23Þsxy  /jg2 ð3Þwhere the explicit dependency on point location of ki and aij has been dropped to simplify the notation.
The minimum of the previous expression can easily be determined by diﬀerentiating w.r.t. rx, ry, sxy and
setting the derivatives equal to zero. Writing aj = wj (kxa11 + kya21), bj = wj (kxa12 + kya22) and
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>; ð4Þwhich allows determination of the best ﬁt parameters (the stress components) of the displacement interpolat-
ing functions.
The previous formulation is quite general and does not require a speciﬁc form of the displacement ﬁelds,
providing that they are linearly depend on stress components. The question now is to verify whether this for-
mulation is capable of handling orthotropic materials in the general case. To this end, a brief outline of the
properties of orthotropic plates is given below.
3. General solution for the through-hole, orthotropic plate
The through-hole plate issue in the general case of anisotropic material was studied by Lekhnitskii (1963,
1968) and Savin (1961) who adopted diﬀerent approaches for its solution. Following Schimke et al. (1968) and
considering the somewhat simpler case of an orthotropic material, the general biharmonic equation describing
the problem isS22
o4w
ox4
þ ð2S12 þ S66Þ o
4w
ox2oy2
þ S11 o
4w
oy4
¼ 0 ð5Þwhere the Sij are the elements of elastic compliance matrix (S11 = 1/E11, S12 = m12/E11, S22 = 1/E22, S66 = 1/
G12). The general solution to Eq. (5) can be written as a combination of four analytic functions wiw ¼
X4
i¼1
wiðxþ liyÞ ð6Þwhere the li are the solutions of the associated algebraic equationS11l4 þ ð2S12 þ S66Þl2 þ S22 ¼ 0 ð7Þ
that isl ¼ 
ð2S12 þ S66Þ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2S12 þ S66Þ2  4S11S22
q
2S11
2
4
3
5 ð8Þm the statistical point of view, wj should be 1/rj, the inverse of the standard deviation of the measurement at the experimental point
lly this datum is not available, however, intensity modulation allows estimation of measurement reliability at each point, so that a
ed summation can be used, even though the resulting covariance matrix will not reﬂect the actual measurement variance.
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Eq. (5) can be reduced, by a simple stretch transformation, to $4w = 0, which is tantamount to saying that the
problem is equivalent to an isotropic one. Thus, Eq. (7) always admits four complex roots, where l3 ¼ l1 and
l4 ¼ l2, the principal solutions being (Tan, 1988)l ¼ i
2
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1
A ð9Þwhere the Sij are expressed in terms of engineering constants.
By introducing two auxiliary variables (z1 = x + l1y and z2 = x + l2y) and the functions C1(z1) = ow1/oz1
and C2(z2) = ow2/oz2, it is easy to obtainrx ¼ o
2w
oy2
¼ 2Re l21
dC1
dz1
ðz1Þ þ l22
dC2
dz2
ðz2Þ
 
ry ¼ o
2w
ox2
¼ 2Re dC1
dz1
ðz1Þ þ dC2
dz2
ðz2Þ
 
sxy ¼  o
2w
oxoy
¼ 2Re l1
dC1
dz1
ðz1Þ þ l2
dC2
dz2
ðz2Þ
 
ð10Þwhile the displacement ﬁeld can be written (neglecting rigid body terms) asu ¼ 2Re½p1C1ðz1Þ þ p2C2ðz2Þ
v ¼ 2Re½q1C1ðz1Þ þ q2C2ðz2Þ
ð11Þp1, p2, q1 and q2 being complex functions of the material properties only (pi ¼ l2i S11 þ S12, qi = S22/li + liS12,
i = 1,2).
Taking into account the boundary conditions—a uniform stress P at1, inclined by u w.r.t. the X principal
axis—it can be shown that the Ci functions can be written asC1 ¼ ALz1 þ
X1
k¼1
Akn
k
1
C2 ¼ BLz2 þ
X1
k¼1
Bkn
k
2
ð12Þwhere AL and BL depend on the stress value at inﬁnity and its orientation, the summations represent the local
corrections around the hole with respect to the unperturbed stress ﬁeld and the ni functions result from inverse
mapping of the exterior of the unit circle in the ni plane onto the exterior of the ellipse zi = cosh + li sin h in
the zi plane.
Noting that along the edge of the opening the inverse mapping reduces to n1i ¼ eih, it is easy to show
(Lekhnitskii, 1968) that the tangential stress rh around a circular hole (where obviously rr is null) isrh ¼ P EhE1 f½ cos
2 uþ ðkþ nÞ sin2 uk cos2 hþ ½ð1þ nÞ cos2 u k sin2 u sin2 h nð1þ kþ nÞ
 sinu cosu sin h cos hg ð13Þ
where Eh is Young’s modulus in the tangential direction and the k, n and m parameters depend on the material
properties and are closely related to li (k ¼ l1l2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E1=E2
p
, m = E1/G12  2m12, n ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2kþ mp ).
Note that Eq. (13) only holds at the hole boundary. On the contrary, it is not possible to obtain real-value
analytical functions inside the plate. Thus, the displacements (stresses) have to be estimated numerically, tak-
ing care to select the right solution branch and to avoid complex square root singularities (see Appendix A for
details).
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Using Eqs. (10)–(12) it is possible to determine the displacement and stress ﬁelds for residual stress. In fact,
hole drilling can be viewed as the subtraction of the solution for the through-hole plate loaded by a couple of
uniform stress at 1 from that for the hole-free, loaded plate. This idea will be applied in the following sec-
tions: ﬁrst the case of the single load will be studied, then its solution will be extended to the general, using
the superposition principle.
4.1. Single load
Bearing in mind that the Ci functions (Eq. (12)) result from the contribution of two terms—the unperturbed
stress ﬁeld due to loads at inﬁnity and a local correction due to the presence of the hole—the residual stress
solution can be obtained from Eq. (12) by setting AL and BL to zero.C1 ¼
X1
k¼1
Akn
k
1
C2 ¼
X1
k¼1
Bkn
k
2 ð14ÞThe ﬁnal solution can be obtained by truncating the summations to the ﬁrst term, so that A1 and B1 becomeA1 ¼  P
2ðl1  l2Þ
½i cos2 u l2 sin2 u ð1 il2Þ sinu cosu
B1 ¼  P
2ðl2  l1Þ
½i cos2 u l1 sin2 u ð1 il1Þ sinu cosuBy simple algebra it can be shown that in this case Eq. (11) reduces tou ¼ 2P Re d1 p1d2n1
 p2d3
n2
  
v ¼ 2P Re d1 q1d2n1
 q2d3
n2
  
ð15Þwhere d1, d2 and d3 are complex functions of material and load orientation.d1 ¼ ðsinu i cosuÞ=½2ðl1  l2Þ
d2 ¼ cosuþ l2 sinu
d3 ¼ cosuþ l1 sinu ð16ÞFigs. 1 and 2 show the u and v displacement ﬁelds around the hole for the through-hole and residual stress in
the case of single loading. Even though they look quite diﬀerent, in eﬀect they only diﬀer in the z-proportional
term. On the contrary, the stress ﬁelds are qualitatively equivalent since they diﬀer by a linear term.
4.2. Two principal stresses
Taking into account the previous section and two principal stresses r1 and r2 at inﬁnity, with angle u and
u + p/2 w.r.t. the material’s principal axis (X) and using the superposition principle, the u and v displacements
can be written asu ¼ ar1 þ br2
v ¼ cr1 þ dr2
ð17Þwhere a, b, c and d are calibration coeﬃcients
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Fig. 1. u displacement ﬁeld related to a 45 inclined load in an orthotropic graphite/epoxy plate. Left: through-hole. Right: residual stress.
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Fig. 2. v displacement ﬁeld related to a 45 inclined load in an orthotropic graphite/epoxy plate. Left: through-hole. Right: residual stress.
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 p2d3
n2
  
b ¼ 2Re d4 p1d5n1
 p2d6
n2
  
c ¼ 2Re d1 q1d2n1
 q2d3
n2
  
d ¼ 2Re d4 q1d5n1
 q2d6
n2
  
ð18Þand d4–d6 can be obtained from Eq. (16) by substituting u + p/2 for ud4 ¼ ðcosuþ i sinuÞ=½2ðl1  l2Þ
d5 ¼ l2 cosu sinu
d6 ¼ l1 cosu sinu
ð19ÞEqs. (17)–(19) could in principle replace the u and v displacements in Eq. (2). In fact, Eqs. (17) can also be
writtenu ¼ aþ b
2
ðr1 þ r2Þ þ a b
2
ðr1  r2Þ
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2
ðr1 þ r2Þ þ c d
2
ðr1  r2Þor, in terms of rx, ry and sxy, asu ¼ aþ b
2
ðrx þ ryÞ þ a b
2
½ðrx  ryÞ cosð2uÞ þ 2sxy sinð2uÞ
¼ Aðrx þ ryÞ þ B½ðrx  ryÞ cosð2uÞ þ 2sxy sinð2uÞ
v ¼ cþ d
2
ðrx þ ryÞ þ c d
2
½ðrx  ryÞ cosð2uÞ þ 2sxy sinð2uÞ
¼ Cðrx þ ryÞ þ D½ðrx  ryÞ cosð2uÞ þ 2sxy sinð2uÞ
ð20ÞThus, using this formulation, u and v seem to be exactly the same as the isotropic case. However, this sim-
ilarity is only formal; in fact, for isotropic materials displacements are written in a cylindrical coordinates
system—so that u is a variable determining the point position, i.e. it is a known parameter—while Eqs. (20)
use rectangular coordinates and the point position is deﬁned by the x and y variables (hidden inside the n1
and n2 auxiliary variables). In this case u determines the angle between the ﬁrst principal stress and the
material’s X axis so that it is actually unknown. In conclusion, the a–d parameters (the equivalent of A–
G coeﬃcients in the isotropic case), are not really constant but depend on residual stress orientation, so that
the linear dependency of displacements on stress components required by the algorithm of Section 2 is not
fulﬁlled.5. Nonlinear least square method for orthotropic material
Even though the linear least square formulation in Section 2 cannot be directly used, the general
approach—by adjusting the parameters of the theoretical displacement ﬁeld to ﬁt the experimental
data—still holds, provided one accepts solving a nonlinear system. In fact, once the material parameters
and the point of interest are deﬁned, the a–d parameters are known functions, so that both the displacement
projected in the sensitivity direction and its partial derivatives w.r.t. stress components can be analytically
estimatedf ¼ kxuþ kyv ¼ kxðar1 þ br2Þ þ kyðcr1 þ dr2Þ ð21Þ
of
or1
¼ akx þ cky
of
or2
¼ bkx þ dky
of
ou
¼ Re e2iu iðkxp2 þ kyq2Þðiþ l1Þn1
2ðl1  l2Þn1n2
þ ðkxp1 þ kyq1Þð1 il2Þn2
2ðl1  l2Þn1n2
 
ðr1  r2Þ
ð22Þwhere the a–d parameters have been expanded in the third equation only and the explicit dependency on j has
been dropped to simplify the notation.
The resulting system is clearly nonlinear, since the third derivative contains mixed terms of the form
r1 sin(u), . . ., r2cos(u), so that to solve the ﬁtting problem one has to use a nonlinear ﬁtting algorithm such
as that of Levemberg–Marquard (Press et al., 1992) or similar.
Levemberg–Marquard algorithm uses an iterative, gradient-descendant approach so that, given the current
set of ﬁtting parameters, it only needs the value of the ﬁtting function (Eq. (21)) and its local derivatives w.r.t.
the ﬁtting parameters (Eq. (22)) to estimate the next candidate set. Thus, the residual stress problem in ortho-
tropic material can be solved even in the general case, even though a somewhat more complex procedure is
required. However, this is not a great obstacle: Levemberg–Marquardt algorithm is well known and usually
available as a library function, so that users have only to write a function estimating Eqs. (21) and (22) for a
given set of parameters and point location.
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point suﬃciently close to the correct solution to ensure convergence. To solve this problem one can either use
predeﬁned/randomly chosen values or use an isotropic algorithm (Baldi, 2005) to obtain a rough estimate of
the solution (we are implicitly assuming that due to the material parameters the formulation of Section 2 can-
not be used).
5.1. Simpliﬁed numerical procedure: calibration coeﬃcients
Eqs. (21) and (22) are quite diﬃcult to implement: in fact, all computations have to be performed using
complex numbers and the results (the real part of the estimated quantities) is obtained as the last operation
of a long series of steps; moreover, estimating the a, . . ., d coeﬃcients involves knowing n1 and n2, whose eval-
uation requires special attention (see Appendix A).
However, most of the complexities come from the rather intricate dependency of the a, . . ., d parameters on
material properties and point location; therefore, one can expect that by taking apart these factors, the rela-
tion between the parameters and the principal stress orientation u is a much simpler function. Actually, look-
ing at the way d1, d2 and d3 combine in a, . . ., d, it is evident that apart from constant terms, the a, . . ., d
parameters behave like sin(2u). Fig. 3, showing the a, . . ., d parameters at a random location near the hole,
conﬁrms this behaviour (the material parameters correspond to the ﬁrst entry of Table 1). Moreover, it also
conﬁrms that mean value, amplitude and phase shift strongly depend on material properties and point loca-
tion and cannot be known a priori. Fig. 4 strengthens this assertion: in fact, it shows how the a parameter,
estimated at a ﬁxed point (the same as in the previous ﬁgure), varies depending on the material.
In any case, the sinusoidal behaviour is conﬁrmed in all cases so that if for each point we are able to identify
the parameters of the sinusoid, we can write a, . . ., d in a much simpler formFig. 3.
takenaðx; y;u; l1; l2Þ ¼ am þ ac cosðhþ ahÞ
bðx; y;u; l1; l2Þ ¼ am þ ac cosðhþ ah þ p=2Þ
cðx; y;u; l1; l2Þ ¼ cm þ cc cosðhþ chÞ
dðx; y;u; l1; l2Þ ¼ cm þ cc cosðhþ ch þ p=2Þ
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from the ﬁrst row of Table 1.
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Fig. 4. The a parameter as a function of load orientation. Each curve corresponds to a diﬀerent material, taken from Table 1, while point
location is the same as in the previous picture (x = 5, y = 3.4). Note that the parameters of the sinusoid (mean value, modulation and
initial phase) change from one material to another.
8252 A. Baldi / International Journal of Solids and Structures 44 (2007) 8244–8258where two triples of real coeﬃcients am, ac, ah and cm, cc, ch have been introduced instead of the complex d1, d2,
d3, . . ., l2 parameters used by the original formulation. am, ac, ah (cm, cc, ch) obviously correspond to the mean
value, the modulation and the phase shift of the sinusoid; the auxiliary angular variable h = 2u has been intro-
duced to simplify the subsequent analysis.
Eq. (23) takes into account the u dependency only, so that one could object that the new parameters depend
on point location and material properties. Actually this is true, but, as will be shown below, they can be eval-
uated in a simple way using FEM analysis.
This alternative formulation makes clear the main diﬀerence between orthotropic and isotropic materials:
the dependency of calibration coeﬃcients on residual stress orientation; moreover, it is computationally much
simpler than the previously described approach (Eq. (22)). In fact, the a, . . ., d parameters required by Eq. (21)
are now evaluated using Eq. (23) and not by means of the long calculations required by Eqs. (17)–(19); the
partial derivatives of the projected displacement with respect to stress components are also simpler and can
be written asof
or1
¼ akx þ cky
of
or2
¼ bkx þ dky
of
ou
¼ fackx½sinðuþ auÞr1 þ cosðuþ auÞr2 þ ccky ½sinðuþ cuÞr1 þ cosðuþ cuÞr2g ð24Þwhere the ﬁrst two lines are formally the same as Eq. (22), but actually simpler because a, . . ., d have to be
evaluated using Eq. (23).
5.2. FEM estimation of calibration coeﬃcients
Estimating the parameter of a sinusoidal function—mean value, modulation and phase shift—is a well
known problem in the optical interferometry ﬁeld. The standard solution is given by the so-called ‘‘phase shift-
A. Baldi / International Journal of Solids and Structures 44 (2007) 8244–8258 8253ing algorithms’’ (Creath, 1993) which consist of adding known quantities to the phase, successively estimating
(via a linearised least square approach) the function parameters based on its sampled values. Several algo-
rithms have been proposed, mainly to improve their robustness with respect to shift errors, but in any case
a minimum of three acquisitions are required.
In the case of residual stress, adding a phase shift corresponds to changing the load orientation; moreover,
since the b and d coeﬃcients are actually p/2 shifted versions of a and c, no extra parameters related to them
have to be considered and only a single load has to be applied for each orientation. Thus, we have to perform a
certain number of FEM simulations (depending on the selected phase shifting algorithm), using a predeﬁned
set of load orientations, and then using the resulting u displacements as input to estimate the coeﬃcients of a,
and the v displacements to estimate c.
Since we are performing a numerical simulation, we expect no phase shift error (load orientation error), so
that we can use the simpler phase shifting algorithm (that is, the three image, 90 algorithm). The standard
formulation for this case expects p/4, 3p/4 and 5p/4 phase shifts and returns a p/4 shifted initial phase. A more
convenient sequence is 0, p/2, p (which implies 0, p/4 and p/2 oriented loads) and a 0-shifted initial phase. The
related formulas can easily be estimated using standard treatment such asFig. 5.
(15), wam ¼ ðu1 þ u3Þ=2
ac ¼ 1=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðu1  2u2 þ u3Þ2 þ ðu3  u1Þ2
q
ah ¼ arctan½ðu1  2u2 þ u3Þ=ðu1  u3Þ
ð25Þwhere u1, u2 and u3 obviously correspond to the FEM-evaluated u displacements for the ﬁrst, second and third
load orientations while cm, cc and ch can be estimated by replacing the vi components in the same formulas.
Note that since a p/4 oriented load has to be applied, it is not possible to use a quarter-of-a-circle mesh, so a
full circular mesh has to be built. Actually in the through-hole case we are analysing, it is quite diﬃcult to
constrain the centre of the hole. A solution to this problem can be obtained by reversing the boundary con-
dition scheme by applying an equivalent load on the hole boundary and constraining the outer part of the-4e-05
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drilling, it is quite easy to show (using Mohr’s circle) that the radial and tangential pressure terms that have
to be applied on the hole side arerr ¼ p=2½1þ cosð2a 2uÞ
srh ¼ p=2 sinð2a 2uÞwhich eventually have to be integrated and projected on the X and Y axes to obtain nodal loads. Note that
while a is the angular coordinate, the actual rotation in the Mohr plane is 2(a  u) to allow for load
orientation.
Fig. 5 compares the analytically estimated u(u) displacement (using Eq. (15)) with the values determined
using the Finite Element Method at four nodes around the hole. As expected, the Finite Element solution
slightly underestimates the displacement due to the ﬁnite size of the mesh (‘‘inﬁnite’’ elements have not been
used). Note the sinusoidal behaviour of the functions (due to a, . . ., d coeﬃcients) and that phase shifting
depends on the point position.
6. Numerical tests
The same numerical tests performed in the ﬁrst part of this work for the linear algorithm (Baldi, 2007) were
repeated using the nonlinear ﬁt proposed in Section 5. In fact, the new formulation is completely general, so
that it is able to handle any orthotropic material; moreover, by comparing the results of both algorithms, it is
simpler to detect speciﬁc problems. The displacement ﬁelds to be analysed were generated using a FEM pro-
gram (MSC Marc 2005r2), to later perturb them by adding Gaussian distributed noise with zero mean and
standard deviation equal to 0%, 5% and 10% of maximum displacement. Considering the fast decay of the
signal, this means that as soon as we move a few diameters from the centre, noise completely shadows the
information contents. Thus, the results should have an increasing standard deviation, with no bias (we are
using a zero mean distribution).
Figs. 6 and 7 show the results obtained with both the nonlinear and linear algorithms. In particular, Fig. 6
shows the results obtained using the 5% standard deviation, while in Fig. 7 the noise factor is 10%. It should be
noted that noise in the X and Y direction is not correlated (that is, the u and v ﬁelds have been perturbed sep-
arately) so that we should not expect similar results for the same load. Tests have been performed using a sin-
gle load oriented at 0, 15, 30, . . ., 90 from the X axis using a 100 MPa residual stress level; loads were
applied on the hole side while the outer circle was tangentially constrained. Since the linear algorithm esti-
mates the stress components in terms of rx, ry, sxy, to compare its results with the nonlinear algorithm the
principal stresses and their orientation were estimated using standard formulas.
Looking at the ﬁgures, it is apparent that the performances of both algorithms (linear and nonlinear least
square ﬁt) are quite the same: it never occurs that the linear algorithm gives very good results and the non-
linear algorithm gives very bad ones (and vice versa). Even when considering a 10% noise level, results are very
good, showing only a somewhat larger error band.
It is worth noting that the results of the isotropic algorithm (used to estimate the starting guess of the
nonlinear algorithm) may be quite wrong, giving principal stresses up to 10 times larger than the correct
ones (for example, the starting guess for the 30 load, with no noise, is r1 = 1196.1 MPa, r2 = 328.6 MPa,
u = 44.3). This implies that even when, as in this case, Smith’s orthotropy index j is not very large
(j = 3.25), the isotropic algorithm should not be used to estimate residual stress level in orthotropic mate-
rials (the material parameters used during the tests were E1 = 93.7 GPa, E2 = 7.45 GPa, m12 = 0.26,
G12 = 3.98 GPa).
Fig. 8 shows that the nonlinear algorithm gives similar results even when applied to materials which cannot
be analysed using the Smith–Schajer theory. The noise factor used during the calculation was r = 5% of max-
imum displacement and material parameters were E11 = 76.24 GPa, E22 = 28.09 GPa, m12 = 0.879,
G12 = 35.82 GPa, j = 0.11, which have been evaluated using the classical lamination theory for a graphite/
epoxy laminate (lamina parameters: E11 = 206.84 GPa, E22 = 5.17 GPa, m12 = 0.25, G12 = 2.59 GPa, Jones,
1975) and the simple sequence (0/45/45)s.
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Fig. 6. Estimated residual stress using the linear and nonlinear algorithms. The expected result is r1 = 100 MPa, r2 = 0. u and v
displacement ﬁelds have been perturbed by adding a Gaussian noise with 0 mean and standard deviation equal to 5% of maximum
displacement.
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Fig. 7. Estimated residual stress using the linear and nonlinear algorithms. The expected result is r1 = 100 MPa, r2 = 0. u and v
displacement ﬁelds have been perturbed by adding a Gaussian noise with 0 mean and standard deviation equal to 10% of maximum
displacement.
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Fig. 8. Estimated residual stress using the nonlinear algorithm on a material which cannot be analysed using the Smith–Schajer theory.
The expected result is r1 = 100 MPa, r2 = 0. u and v displacement ﬁelds have been perturbed by adding a Gaussian noise with 0 mean and
standard deviation equal to 5% of maximum displacement.
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The same experimental procedure described in the ﬁrst part of this work (Baldi, 2007) can be used to test
the nonlinear algorithm. A unidirectional graphite/peek laminate (E11 = 133.8 GPa, E22 = 8.9 GPa, m12 = 0.3,
G12 = 5.1 GPa, j = 6.61) was drilled (to relax internal residual stresses) and then loaded. The displacement
ﬁeld thus obtained around the hole was acquired using an in-plane sensitivity speckle interferometry setup,
with a He–Ne laser (k = 632.8 nm), an illumination angle of h = 30 and X sensitivity.
To obtain the residual stress ﬁeld, the linear displacement ﬁeld related to a hole-free orthotropic plane was
estimated (obviously after masking the area around the hole) and numerically subtracted from the original
data. Figs. 9 and 10 show the phase modulo 2p relating to two diﬀerent load steps before and after linear term
removal. It should be noted that the large displacements related to the loading procedure limit the stress level
(due to in-plane decorrelation) thus making the test more diﬃcult than a real residual stress measurement. In
any case, the expected results for the two steps were rx = 7 and rx = 8.45 MPa, while the estimated residual
stress, by the nonlinear procedure were r1 = 7.8 and r1 = 9.2, showing a good agreement with the linear ﬁt
algorithm.Fig. 9. Phase modulo 2p around the hole at two successive load steps. Note the linear term due to the external load.
Fig. 10. Phase modulo 2p around the hole after linear term removal.
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Determining residual stresses in orthotropic materials is much more diﬃcult than in isotropic materials as
the dependency of the calibration coeﬃcients on load orientation makes all the algorithms developed so far
unfeasible. However, in the ﬁrst part of this work it was shown that using the Smith–Schajer formulation,
a large subset of orthotropic materials can be analysed using a standard linear least square ﬁtting algorithm.
The general case, discussed in this paper, requires a somewhat more complex procedure, but the residual stress
identiﬁcation problem can still be solved, provided appropriate calibration functions are available. Because of
the nature of orthotropic materials, calibration functions cannot be estimated in a ‘‘material-independent’’
way, but it is possible to determine the calibration coeﬃcients using just three Finite Element calculations.
It should be noted that the nonlinear algorithm complements the linear one and does not replace it; in fact,
even though it is capable of handling all orthotropic materials, it makes no sense to use a more complex and
more CPU-intensive algorithm if the material does not require it. Moreover, the nonlinear algorithm needs a
starting guess and uses an iterative approach, so that execution time is much longer than in the case of a linear
one.
Regarding performances, both the numerical and experimental tests show the good reliability and accuracy
of both the proposed algorithms whose results agree with high repeatability.
Appendix A. Numerical aspects
Estimating displacement ﬁelds using the theoretical solution requires some caution. In fact, Eqs. (10) and
(11) are the result of multiple mapping (in particular aﬃne mapping from the x + iy plane to the x + liy plane
followed by conformal mapping from the zi plane to the ni plane) where the latter, the inverse of zi = 1/
2[(1  ili)n + (1 + ili)n1], is particularly crucial. In fact, when going to the inverse functionni ¼
zi 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2i  ð1þ l2i Þ
p
1 ilione has to select the correct square root sign. Moreover, since both the li and zi are complex, the square root
itself presents two poles, so spurious discontinuities may be generated in physical quantities if the correct
numerical procedure is not followed.
To avoid these problems, one has ﬁrst to rewrite the square root in such a way as to move the branch cut
within the circular hole—so that it does not aﬀect calculation—then select the correct sign. Skipping the the-
oretical aspects (Churchill, 1960), the ﬁrst objective can be accomplished by ﬁrst introducing the Zi auxiliary
variableZi ¼ ziﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2i
p
and then estimating the square root asﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2i  ð1þ l2i Þ
q
¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2i
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zi  1
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Zi þ 1
p
8258 A. Baldi / International Journal of Solids and Structures 44 (2007) 8244–8258To correctly choose the sign in front of square root, it is suﬃcient to check it at one point on the boundary
of the hole, where the correct values are known (the inverse mapping reduces to ei#, see the end of Section 3),
and then use the same sign through the calculation.
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